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Abstract 

Let A be a unital separable amenable C*-algebra and C be a unital C*-algebra with certain infinite 
property. We show that two full monomorphisms hi , hi : A C are approximately unitarily equivalent 
if and only if [hi] = [h%] in KL(A, C). Let B be a non- unital but a-unital C*-algebra for which M(B)/B 
has the certain infinite property. We prove that two full essential extensions are approximately unitarily 
equivalent if and only if they induce the same element in KL(A, M(B)/B). The set of approximately uni- 
tarily equivalence classes of full essential extensions forms a group. If A satisfies the Universal Coefficient 
Theorem, it is can be identified with KL(A, M(B)/B). 



1 Introduction 

The study of C* -algebra extensions originated in the study of essentially normal operators on the infinite 
dimensional separable Hilbert space. The original Brown-Douglas-Fillmore theory gives a classification of 
essential normal operators via certain Fredholm related indices (see 7 ) . Later the Brown-Douglas-Fillmore 
theory gives classification of essential extensions of C(X) by the compact operators (see [S], [5]). The study 
of C*-algebra extensions developed into Kasparav's KK-theory and its application can be found not only 
in operator theory and operator algebras but also in differential geometry and noncommutative geometry. 

Let 0^B->£->A^Obean essential extension of A by B. The extension is determined by 
a monomorphism r : A — ► M(B)/B, the Busby invariant. When B is tr-unital stable C*-algebra then 
KK 1 (A, B) gives a complete classification of these essential extensions -up to stable unitary equivalence. 
However, KK 1 (A, B) gives little information, if any, about unitary equivalence classes of the above mentioned 
extensions when B ^ K in general. There are known examples in which KK 1 (A, B) = {0} but inequivalent 
non-trivial extensions exist (see Example 0.6 of |24| ) . There are also known examples in which there are 
infinitely many inequivalent classes of trivial extensions (see 7.4 and 7.5 of |2S1)- When B is not stable, 
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KK 1 (A, B) certainly should not be used to understand unitary equivalence classes of essential extensions 
mentioned above. 

There are a number of results in classification of essential extensions ( up to unitary equivalence or 
approximate unitary equivalence) when B ^ /C. Kirchberg's results f |18|) on extensions in which B is a non- 
unital purely infinite simple C*-algebra shows that KK 1 (A, B) can be used to compute unitary equivalence 
classes of those extensions. When B is a non-unital but cr-unital simple C*-algebra with continuous scale 
(see (6) below), then M(B)/B is simple. Classification of essential extensions of a separable amenable C*- 
algebra A by B (up to approximate unitary equivalence) was obtained in |32| (for some special cases in 
which A = C(X), classification up to unitary equivalence was obtained in [22, [221 and [2Ij)- In this case, 
B may not be stable, therefore KK 1 (A, B) is not used as invariant for essential extensions. Results about 
extensions of AF-algebras may be found in (CDIjCBI and [T4]L 

In this paper, we study full essential extensions. These are essential extensions r : A — > M(B)/B so 
that r(a) is a full element for each nonzero element a € A. Since the Calkin algebra M(JC)/K. is simple, all 
essential extensions by K, are full. If B is a non-unital but cr-unital purely infinite simple C*-algebra then 
M (B) I B is also simple. Therefore essential extensions by those C*-algebras are all full. The homogeneuous 
extensions of A by C(X) <g) JC studied by Pimsner-Popa-Voiculescu (|3S] and [3S]) are all full extensions. 
In all these three cases, B is stable. There are non-stable, non-unital but c-unital C*-algebras which have 
continuous scale. In that case essential extensions by these C*-algebras are also full. Furthermore, if A is a 
unital simple C*-algebra and if the monomorphism r : A — > M(B)/B is unital, then the essential extension 
induced by t is always full for any non-unital C* -algebra B. 

With a technical condition on M(B)/B, we show that two full essential extensions are approximately 
unitarily equivalent if they induce the same element in KL(A,M(B)/B) (see Theorem 12.811 provided that A 
is amenable and separable. When A is assumed to satisfy the so-called (Approximate) Universal Coefficient 
Theorem, we show that there is a bijective correspondence between approximate unitary equivalence classes 
of essential full extensions and KL(A, M(B)/ B). The advantage of study these full extensions is that full 
extensions (in these cases) are "approximately absorbing". For stable B, we show that KK 1 {A, B) classifies 
the unitary equivalence classes of essential full extensions. In this case, full extensions are "purely large" in 
the sense of Elliott and Kucerovsky f[T5]L 

The paper is organized as follows. Section 2 describes the main results in this paper. Section 3 shows that 
for many stable C*-algebras their corona algebras M(B)/B satisfy the technical condition (PI), (P2) and 
(P3). In Section 4, we show that there are examples of non-stable, non-unital and cr-unital C*-algebras B for 
which M{B)/B has the property (PI), (P2) and (P3). In Section 5, we give some modified results concerning 
amenable contractive completely positive linear maps. In Section 6, we discuss certain commutants in the 
ultrapower of corona algebras. In Section 7, we prove Theorem 12.81 mentioned above. In Section 8, we prove 
other main results described in Section 2. 

We will use the following convention: 

(1) Ideals in this paper are always closed and two-sided. 

(2) Let A be a C*-algebra and p,5eibe two projections. We write p ~ q if there exists v £ A such 
that v*v = p and vv* = q. 

(3) Let A and B be C*-algebras and L\, L2 : A — > B be linear maps. Let T C A and e > 0, we write 
L\ ^ £ L2 on J- ', if 

||Li(a) - L 2 (a)\\ < e for all a e T. 



2 



(4) Let A and B be C*-algebras. A contractive completely positive linear map L : A — > B is said to 
amenable, if for s > 0, there exists an integer n > and two contractive completely positive linear maps 
4> : A — > M n and ^ : M„ — > A such that 



(5) A C*-algebra A is said to be amenable (or nuclear) if \&a is amenable. 

(6) Let B be a non-unital but cr-unital simple C*-algebra. B is said to have continuous scale, if there 
exists an approximate identity {e„} of B with e n +\e n = e„ such that, for each nonzero element b £ B, there 
exists an integer n > for which e n+m — e n < b for all m (see |31|1. 

Let e € B be a nonzero projection and T e (B) be the set of all traces t on B for which t(e) = 1. Let B 
be a separable non-unital simple C*-algebra with real rank zero, stable rank one and weakly unperforatated 
Kq(B). If sup n {i(e„)} is a continuous function on T e (B), then B has continuous scale. 

(7) Let {A n } be a sequence of C*-algebras. Denote by co({A„}) the (C*-) direct sum of {A n } and 
denote by l°°{{A n }) the (C*-) product of {A n }. We use qoo{{A n }) for the quotient l°° ({A n }) / c ({A n }) . 
When A = A n for all n, we write Co(A), l°°(A) and qoc(A) for simplicity. 

(8) For each integer n > 0, define /„ £ Cq((0, oo)) as follows 



(9) An element a in a C*-algebraA is said be full, if the ideal generated by a is A itself. Let A and B be 
two C*-algebras and let h : ^4 — > _B be a monomorphism. The monomorphism /i is said to be /u/Z if ft.(a) is 
full for every nonzero a £ A. 

(10) Let a e A + be a nonzero element, we write Her(a) for the hereditary C*-subalgebra aAa generated 
by a. 

Acknowledgement This work started in summer 2003 when the author was visiting East China Normal 
University. It is partially supported by National Science Foundation of U.S.A. 

2 Main results 

Definition 2.1. Let B be a unital C*-algebra. We say that B has property (PI) if for every full element 
b G B there exist x,y € B such that xby = 1. If b is positive, it is easy to see that xby = 1 implies that there 
is z 6 B such that z*bz = 1. 

It is obvious that an element 6 is full if and only if b*b is full. It follows that B has property (PI) if and 
only if for every full element < b < 1, there exists x £ B such that x*bx = 1. 
Every unital purely infinite simple C*-algebra has the property (PI). 

It turns out that many other unital C*-algebras have the property (PI). Let A be a unital C*-algebra 
and B = A®JC. In next section we will show that M(B) and M(B)/B have property (PI) for many such that 
B. In Section 3, we will show that, for some non-stable (but cr-unital) C*-algebra C, M(C) and M(C)/C 
may also have property (PI). 
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Definition 2.2. Let B be a unital C*-algebra. We say that B has property (P2), if 1 is proper infinite, i.e., 
there is a projection 1 and partial isometries uix, 102 £ 5 such that w\w\ = 1, wiwj = p, W2W2 = 1 and 
W2W2 < 1 — p. 

It is easy to see that, for each integer n > 2 and there are mutually orthogonal and mutually equivalent 
projections sn, S22, s nn such that 1b > S™=i s " an( i there exists an isometry Z <E B such that Z*Z = 1b 
and ZZ* = sn. Let C = snBsn. Then we may write M n {C) C B. 

It is clear that if £? is stable then M(B) and M(B)/B have property (P2). 

Proposition 2.3. Lei B be a unital C* -algebra which has property (PI). Suppose that B contains two 
mutually orthogonal full elements. Then B has property (P2). 

Proof. Let < a, b < 1 be two mutually orthogonal full elements in B. Since B has property (PI), there are 
x,y S B such that x*ax = 1 and y*by — 1. Let t>i = o}l 2 x and i>2 = b x / 2 y. Then v*Vi = 1 and sxx = v\v"[ 
and S22 = V2V2 are two projections. Thus B has property (P2). □ 

Every purely infinite C*-algebra (not necessary simple; see ^H]) has property (PI) and (P2). 

Definition 2.4. Let B be a unital C*-algebra. We say that B has property (P3), if for any separable 
C*-subalgebra A C B, there exists a sequence of sequences of elements {{ai''} : i = 1,2,...} in B with 
< a n < 1 such that 

lim \\a$c- ca$ \\ = for all c G 4, i = 1,2,..., 

n — >oo 

lim n ^ 00 || an On || = if i 7^ j and for each i, and {a« } is a full element in l°°(B). 

Even though property (P3) looks more complicated than (PI) and (P2), it will be shown (see l^.l^l below - ) 
that M(B)I B has property (P3) for all B = C<S) K,, where C is a unital C*-algebra and for all B which have 
continuous scale and for many other non-unital cr-unital C* -algebras B. 

Proposition 2.5. Let B = C®C\, where C\ is a unital separable amenable purely infinite simple C* -algebra. 
Then B has property (PI), (P2) and (PS). 

Let B be a non-unital but cr-unital C*-algebra and A be a unital separable amenable C*-algebra. We 
study essential extensions of the following form: 

0^B^E^A->0. (e2) 

Using the Busby invariant, we study monomorphisms r : A — » M(B)/B. We will only consider the case that 
the corona algebra M(B)/B has the property (P1),(P2) and (P3). 

Definition 2.6. An essential extension r : A — > M(B)/B is said to be full, if r is a full monomorphism . 
An extension r is weakly unital if r is unital monomorphism. If ^4 is a unital simple C*-algebra then every 
weakly unital essential extension is full. If M(B)jB is simple, then every essential extension is full. 

Definition 2.7. Let A be a unital separable C*-algebra and C be a unital C*-algebra. Suppose that 
/ii,/i2 : A — > C are two homomorphisms. We say /ii and /12 are approximately unitarily equivalent if there 
exists a sequence of partial isometries u n G C such that «*/ii(l^)tt„ = /i2(1a)j u„,/i2(1a)'W* = /ii(lyi) and 

lim ||adu„ o h\(a) — ft-2(a)|| = for all a e A. 
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Note that if both hi and h 2 are unital, u n can be chosedn to be unitaries. 

Let B be a non-unital but cr-unital C*-algebra. Two essential extensions of A by B are said to be approx- 
imately unitarily equivalent if the corresponding Busby invariants 71, T2 : A — > M(B)/B are approximately 
unitarily equivalent. 

Recall that r : A — > M(B)/B is trivial if there is a monomorphism h : A — > M(B) such that tt o h = t, 
where 7r : M(B) — > M (£?) /£? is a quotient map. In the case that i? = C®K, where C is a cr-unital C*-algebra 
7i and T2 are stably unitarily equivalent if there exists a trivial extension tq : A — > M(B)/B and a unitary 
u € M 2 (M(B)/B) such that adu o (n ffi r ) = t 2 r . 

Let Ext (A, .B) be the stable unitary equivalence classes of extensions of the form Ije 2(1 . When A is a 
separable amenable C*-algebra Ext(A, B) may be identified with KK 1 (A, B). When A satisfies the Uni- 
versal Coefficient Theorem, KK 1 {A,B) may be computable. However, as mentioned in the introduction, 
KK 1 {A,B) may not provide any useful information about unitary equivalence of extensions in general. In 
particular, when B is not stable, KK 1 (A, B) should not be used to describe unitary equivalence classes of 
essential extensions. 

The first main result of this paper is the following: 

Theorem 2.8. Let A be a unital separable amenable C* -algebra and B be a non-unital but a -unital C* - 
algebra so that M{B)/B has the property (PI), (P2) and (PS). Suppose that t 1: t 2 : A — > M(B)/B are two 
full monomorphisms. Then T\ and t 2 are approximately unitarily equivalent if and only if 

[n] = N in KL(A,M(B)/B). 

We will describe KL(A,C) in 17. II Theorem 12. 81 is an easy corollary of the following theorem. 

Theorem 2.9. Let A be a unital separable amenable C* -algebra and B be a unital C* -algebra which has 
property (PI), (P2) and (PS). Suppose that hi,h 2 : A — > B are two full monomorphisms. Then h\ and h 2 
are approximately unitarily equivalent, i.e, there exists a sequence of partial isometries u n G B such that 
u* n u n = hi (1a), u n u* = h 2 (lA) and 

lim ad w n o hi(a) — h 2 (a) for all a G A 

n — >oo 

if and only if [hi] = [h 2 ] in KL(A, B). 

Corollary 2.10. Let A be a unital separable amenable simple C* -algebra and B be a non-unital but a -unital 
C* -algebra so that M(B)/B has the property (PI), (P2) and (PS). Suppose that t x ,t 2 : A -» M(B)/B are 
two weakly unital essential extensions. Then t\ and t 2 are approximately unitarily equivalent if and only if 

[n] = [r 2 ] in KL(A,M(B)/B). 

Definition 2.11. Let A be a unital separable amenable C* -algebra and B be a unital C* -algebra which has 
property (P2). Fix a full monomorphism j a : A — > 2 — > B. Note (P2) implies such full monomorphisms 
do exist. Let h\,h 2 : A — > B (g> /C be two homomorphisms. We write hi ~ h 2 if hi ffi j is approximately 
unitarily equivalent to h 2 © j a . Denote by H(A, B) be "~ " equivalent classes of those homomorphisms. 

Proposition 2.12. Let A be a unital separable amenable C* -algebra and B be a unital C* -algebra which 
has property (P2). Then H(A,B) is a group with the zero element [j \. 
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Corollary 2.13. Let A be a unital separable amenable C* -algebra and B be a unital C* -algebra which 
has property (PI), (P2) and (PS). Let Hf{A,B) be the approximate unitary equivalence classes of full 
monomorphisms from A to B ® /C. Then Hf(A, B) is a group with the zero element [j Q ]. 

Definition 2.14. Let A be a unital separable amenable C*-algebra and B be a non-unital but u-unital 
C*-algebra. Denote by Ext{ p (A, B) the approximate unitary equivalence classes of full essential extensions. 
Denote by t g : A — > M(B)/B an essential extension which factors through 2 . Note that [t ] = in 
KL(A, M{B)/B). Suppose that M(B)/B has property (PI), (P2) and (P3). It follows this r c is unique up 
to approximately unitary equivalence, bv !2.10l Let t\,t 2 ■ A — ► M(B)/B be two essential full extensions. 
Since M(B)/B has property (P2), there are partial isometries zi,z% £ M(B)/B such that z\z\ — 1m(b)/b> 
zizl = ti(1a), z^z 2 = 1m(b)/b an d Z 2 Z 2 = t 2(1a)- Define [n] + [r 2 ] = [adzi o n ® adz 2 ° t 2 ]. 

Note this is well defined, since [r ] = in KL(A.M(B)/ B) and adzi o r © a,dz 2 o r is approximately 
unitarily equivalent to r bv l2.1()l With this addition Ext£ p (A, B) forms a semigroup. Bv l2.13l we have the 
following. 

Corollary 2.15. Let A be a unital separable amenable C* -algebra and B be a non-unital but a -unital C* - 
algebra for which M(B)/B has property (PI), (P2) and (PS). Then Ext{ p (A, B) is a group with zero 
element [r G ], where t d : A — > M(B)/B is a full monomorphism which factors through 02- 

If furthermore, A satisfies so-called Approximate Universal Coefficient Theorem (AUCT) (see l7.1l below). 
then we have the following. 

Theorem 2.16. Let A be a unital separable amenable C* -algebra which satisfies Approximate Universal 
Coefficient Theorem and B be a non-unital but a-unital C* -algebra so that M(B)/B has the property (PI), 
(P2) and (PS). Then there is a bijection T from Ext{ p (A,.B) onto KL(A, M{B)JB). 

Approximate Universal Coefficient Theorem will be briefly discussed in 17.11 and 18.11 It should be noted 
that, when B is not stable, K l (M(B)/B) is very different from K^SB), i = 0, 1. (see 1.7 of |32jL 

In the special case that B — C <£> /C, where C is a unital C*-algebra, we have the following theorem: 

Theorem 2.17. Let A be a unital separable amenable C* -algebra and B — C ® JC, where C is a unital 
C* -algebra so that M (B) / B has the property (PI). Suppose that t±,T2 : A — > M(B)/B are two full essential 
extensions. Then t± and t 2 are unitarily equivalent if and only if 

[ri] = [r 2 ] in KK 1 (A, B). 

Moreover, if x £ KK 1 (A, B), then there is a full essential extension r : A — > M(B)/B such that [r] = x. 

Theorem 2.18. Let A be a unital separable amenable C* -algebra and B — C ® fC, where C is a unital 
C* -algebra for which the tracial state space T(C) ^ 0. Suppose that there is d > for which C satisfies the 
following: 

(1) if p,q € B are two projections then t(p) > d + t{q) for all t G T{C) implies q ~ p in B; 

(2) i/1 > b > in Mk(C) such that r(6) > a + d for all r £ T(A), then there is a projection e € bMk(A)b 
such that r(e) > a for all r G T(A). 

Then two essential full extensions n, t 2 : A — > M(B)/B are unitarily equivalent if and only if 

[n] - N. 
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Remark 2.19. In the case that B — JC, Theorem 12.171 is the classical Brown-Douglas-Fillmore theorem. 
Note in this case, M(/C)//C is a purely infinite simple C*-algebra. It has property (PI) (as well as (P2) 
and (P3)) and every essential extension is full. Let X be a compact metric space with finite dimension 
d. When B = C(X) ® K, M(B)/B has property (PI) (see EH. Theorem |2~T7I for |2~T%|) deals with the 
extensions studied by Pimsner-Popa-Voiculescu (see |35| and 36 ). When B is a non-unital purely infinite 
simple C*-algebra this is obtained by Kirchberg. This theorem is closely related to a result of Elloitt and 
Kucerovsky (53), see 18. 71 for a discussion. 



3 C*-algebras have property (PI), (P2) and (P3) 

Let A be a unital C*-algebra. Denote by T(A) (or T if no confusion exits) the set of tracial states on A. If 
t G T(A), we extend t to a trace (t (g) Tr) on A ® M n by defining t((aij) = Y%=i t( a u)- We further use t for 
the trace defined on a dense set on A (g) JC. If a G A ® /C + , then t(a) is well defined (although it could be 
infinity). Suppose that h n G A (gs /C+ such that h n / h A** . Then one has t(/i) = lim n ^oo t(h n ). These 
conventions will be used in this section. 
The following lemma is certainly known 

Lemma 3.1. Let A be a unital C* -algebra and I be a a-unital ideal of A. If a G (A/I) + is a full element, 
then there exists a full element b G A+ such that 7r(6) = a, where tt : A — > A/ 1 is the quotient map. 

Proof. Since a G (A/I) + is full, there are X\,x%, ...,a; m G A/I such that 

m 

x*axi = 1. (e3) 

It follows that there are c G A + and yi,y2, ■■■iVm G ^4 such that 7r(c) = a and 1 — ^iLiViCyi G /. Let e 
be a strictly positive element of /. Put b = c + e. Denote by J the ideal generated by b. Since b > c and 
b > e, both c and e are in J. It follows that I d J. Since 

E™ i y*cy, G J, it follows that 1 G J. Thus J = A. 
Therefore b is full. □ 

Corollary 3.2. Let A be a unital C* -algebra and I be a a-unital ideal of A. If A has property (PI), then 
so does A 1 1. 

Lemma 3.3. Let A be a unital C* -algebra B — A JC, Suppose that a G M(B) is an element for which 
b = 7r(a) is full in M(B)/B, where 7r : M(B) — * M(B)/B is the quotient map. Then a is full in M(B). 
Furthermore, M(B)/B has property (PI) so does M{B). 

Proof. There are x\, x-i, x m yi, y m G M(B)/B such that YllLi x i^Vi = 1- Then there are W\, W2, w m , 
Zi, Z2, z m G M(B) such that 

m 

1 — uiiazi G B. 
i=i 

Let {eij} be a system of matrix units. Put E n — e u- Then {E n } is an approximate identity consisting 

of projections. It follows that there exits n > such that 

m 

|| ^(1 - E n ) Wl az t {l ~ E n ) - (1 - E n )\\ < 1/2 (e4) 

i=l 
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Thus there exists s G (1 - E n )M{B){l - E n ) such that 

m 

^2 s *(! - E n )wiazi{l - E n )s = 1 - E n . (e5) 

But there exists V G M(B) such that - E n )V = 1. Therefore a is full. 

For the last statement, we take m = 1 in the above argument. □ 

Proposition 3.4. Let B be a unital purely infinite simple C* -algebra. ThenM(B®JC) and M (B <g) JC) / A<g> JC 
have the property (PI). 

Proof. It follows from g3] that M(B <E> JC) / B <E> JC is purely infinite and simple. Therefore M(B <E> JC) / B <g> JC 
has the property (PI). It follows from 13.31 that M(B ® /C) has property (PI). □ 

Theorem 3.5. Let B = A ® /C, where A is a unital separable C* -algebra for which T(A) ^ 0. Lei d > 0. 
Suppose A satisfies the following: 

(1) if p,g£ £? are two projections then t(p) > d + t(q) for all t G T(A) implies q ~ p in B; 

(2) if 1 > b > in Mk(A) such that r(6) > a + d for all r G T(A) (and some a > 0), then there is a 
projection e G bMu{A)b such that r(e) > a for all r G T(A). 

Then M(B) and M(B)/B have property (PI). 

Proof. Let 6 G M(B) be a full element. Without loss of generality, we may assume that < b < 1. Let {e^} 
be the system of matrix unit for K. and E n = Y^k=i e a- ^ follows that E n bE n converges to b in the strict 
topology. Furthermore b^^Enb 1 / 2 increasingly converges to 6 in the strict topology. 
Since b is full, there are x\, x%, x m G M(B) such that 

m 

^X*b Xl = 1. 
k=l 

Let r G T(A) be a tracial state. We extend r to £? + and then M(B) + in a usual way. Let T be the set 
of all (densely defined ) traces on M(B)+ whose restrictions to A are tracial states. With the usual weak 
*-topology, T is a compact convex set. 
Because b^x^Xib 1 / 2 < ||^i|| 2 6, one has 

T{x*bXi) = Tib^X^X^ 2 ) < \\ Xi \\ 2 T(b) 

for all r G T(A) Therefore 

m m 
J2TWb Xi )<C£\\Xi\\ 2 )T(b) 
i=l i=l 

for all t G T(A). Since r(l) = oo, it follows that rib) = oo. Because 6 1 / 2 _E„6 1 / 2 / 6, and because T is 
compact, by the Dini's theorem, r(6 1 / 2 £„6 1 / 2 ) — > oo uniformly on T. Since r(E n bE n ) = r(o 1 / 2 Enb 1 / 2 ) for 
all r G T, r(E n bE n ) f oo uniformly on T. There is n(l) > 1 such that 

T(E n{l) bE n{l) ) >l + 2d for all r G T. 

Let Ai be the hereditary C*-subalgebra of B generated by E n (TjbE n m ■ It follows from assumption (2) that 
there is a projection p\ G A\ such that r(pi) > 1 + <i for all r G T. It follows that there is Ui G B such that 
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v*vi < pi and Vxv* — E\. There are non-negative continuous function /, g £ Co((0, 2||6||] such that gf = f 
and 

\\f(E n(1) bE n( x))pxf{E n( x)bE n(1) ) - Pl \\ < 1/4. 

It follows (see A8 p|]) that there is a projection qx £ f (E n ^bE n ^)B f (E n ^bE n ^) such that qx is unitarily 
equivalent to p\. Since g/ = /, we conclude that gq\ — q\. By functional calculus, we see that there are 
fx € Ax such that 

hE n (i)bE n (i)fx = g. 
Thus we obtain z\ € E n rx)BE n m such that 

zj^zi = Zx-Bn^) 6-E„(i) zx = Ei. 
Note that r((l - S n(1) )6£J n(1) ) = T(&£ n(1) (l - E n{1) )) = 0. It follows that 

r((l - £ n(1) )6(l - £„(i))) = r((l - E n(1) )b). 
Since r(E n ^bE n ^) < oo, for all r G T, we conclude that 

r((l - £ n(1) )6(l - E n(1) ) = oo for all r e T. 
From the above argument, we obtain n(2) > n(l) and z 2 € (E n ^ — E n ^)B(E n ^ 2 ) ~ -^n(i)) such that 

z 2 bz 2 = z 2 (E n (2) - E n (x))b(E n ( 2 ) - E n ^)z 2 — E 2 - Ex. 

Continuing this fashion, we obtain a sequence {n(k)} with n(k + 1) > n(k) and 
Zk € (E n ( k+1 ) - E n{k) )B{E n ( k+1) ~ E n (jk)) such that 

z k^ z k = z k( E n(k+i) - E n ( k ))b(E n ( k+1 ) - E n ( k ))z k = Ek+x - Ek, 

k = 1, 2, .... It follows that z — J2T=i z k S M{B) since the sum converges in the strict topology. Furthermore 
we have 

z*bz = 1. 

This shows that M{B) has the property (PI). 

ByOOl M{B)/B also has property (PI). □ 

From ET51 we have the following corollaries. 

Corollary 3.6. Let A be a unital AF-algebra and B = A ® K. Then M(B) and M(B)/B have property 
(PI). 

Proof. Clearly A satisfies (1) in 13.51 with any d > 0. To see that A satisfies (2), we let 1 > b > be an 
element in M n (A) such that rib) > a + d for all r e T. Let C = bM n (A)b and let {e„} be an approximate 
identity for C consisting of projections. Then \\e n be n — b\\ — > as n — > oo. Since < b < 1, it follows that 
T(e n ) > a + d for some n > and all r G T. □ 

The proof of the corollary implies the following: 
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Corollary 3.7. Let A be a united separable C* -algebra for which T(A) ^ and which satisfies (1) ro l.V.,51 
and has real rank zero. Then M(B) and M(B)/B have property (PI), where B = A £g) }C. 

Corollary 3.8. Let B = A® K, where A is a unital simple C* -algebra with real rank zero, stable rank one 
and weakly imperforated Kq(A) Then both M(B) and M{B)/B have the property (PI). 

Corollary 3.9. Let A — C{X), where X is a compact Hausdorff space with covering dimension d. Then 
M(A (g) JC) and M (A®JC)/A®JC have property (PI ). 

Proof. Suppose that e, / € A® JC are two projections. It is clear that we may assume that e, / € M n (C(X)) 
for some integer n > 0. Suppose that r(e) > r(/) + d + 1 for all t 6 T(A). It follows that for each x € X, 
the rank of e(x) is greater than d + 1 + the rank of f(x). It follows from 8.1.2 and 8.1.6 in ^7] (see 6.10.3 
(d) of 2 1) that / < e. So (1) in 1331 holds (for (d+l)/2). 

For (2), let 1 > 6 > be an element in M fe (C(Jf )) for which r(b) > a + (d+1). Let /„ be as in (jcl}. 
It follows that for some large n, T(f n (b)) > a + (d + 1) for all r S T(A). Thus, for each (el, the rank of 
fn(b)(£) is at least a + (d + 1). By Lemma C in 0], there is a projection e € bMk(A)b such that the rank of 
e(£) is greater a for all £ € X. It follows that r(e) > a for all t e T(A). □ 

To discuss property (P2), we begin with the following easy observation. 

Proposition 3.10. Let B be a unital C* -algebra which has property (P2). Then, for any integer n > 0, 
there are Sn,S22, ■■■,s nn such that \b > YlT-i s a an d there exists an isometry Z € B such that ZZ* = en. 
Moreover 

(1) if for some n > 2, Ib — X)"=i s "> ^ere exists a unital embedding from O n to B; 

(2) there is a unital embedding from Oqq to B and 

(3) there exists a full embedding j : Oi — * B. 

Conversely, if there is a unital embedding from Ooo to B, then B has property (P2). Furthermore, if B 
admits a full embedding from 02, then B has property (P2). 

Proposition 3.11. (1) Let A be a unital C* -algebra and B = A ® K. Then M(B) and M(B)/B has 
property (P2). 

(2) Let A be a non-unital a-unital simple C* -algebra which has continuous scale. Then M(A)/A has 
property (P2) 

(3) Let A be a unital purely infinite simple C* -algebra and B — Cq(X,A), where X is a locally compact 
Hausdorff space. Then M(B) andM{B)/B have property (P2). 

Proof. For (3), we note there is a unital embedding from O^. to A and the constant maps from X into A 
are in C b (X, A) — M (B). □ 

Now we will turn to property (P3). Every unital purely infinite simple C*-algebra has property (P3). 
This follows from 2.6 of [221 - Therefore, if B is a non-unital but er-unital simple C*-algebra with continuous 
scale, then M(B)/B has property (P3). 

Proposition 3.12. Let B be a unital C* -algebra which has the property (PI). Suppose that < a, b < 1 
where ab — a and a is full. Then there exists x £ B with \\x\\ < 1 such that 

x*bx = 1. (e6) 
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Note that the proposition includes the case that a is a full projection. 

Proof. There is z € B such that z*az — 1. Then a 1 ^ 2 zz*a 1 ^ 2 — p must be a projection. Moreover, p £ Her(a). 
Therefore pb = p. Put v = o}l 2 z. Then v*v = 1 and vv* = p. In particular, = 1. Now 

l>\\b\\v*v>v*bv>v*pv=l. (e7) 

We conclude that v*bv = 1. □ 

Proposition 3.13. Let A be a united C* -algebra, and B — A® JC. Then M(B)/B has property (P3). 

Proof. Let it : M(B) — > M(B)/B be the quotient map and D be a separable C*-algebra. Let {e^-} be a 
system of matrix unit for IC. Denote by E n = Ym=i e «- ^ i s known (see 3.12.14 of 33 and the proof of 5.5.3 
of |2Z1) that there are {e„} C Conv{£"„ : n = 1, 2, } such that 

e n +ie„ = e„ and ||e n a — ae„|| — > 0, as n — + oo (e8) 

for all a £ D. 

Suppose that e„ = Xa=i a iEi, where are non-negative scalars with Ei=i a i — 1- There are < /% < 1 
such that e„ = ^2i=i @j e jj- Since, for each i, 

|| e m eu — en || — > as to — > oo (e9) 

there is AT(n) > such that, for each m > N(n), e m = Ei=i A e « with Pk(n)+l > 1/2- It follows that 
(e m - e„)e fe („) +lifc ( n)+1 = /3 fc ( n ) + ie fc („) +1 ^( n)+1 . By passing to a subsequence if necessary, without loss of 
generality, we may assume that (e n+1 - e„)e fe( „) +1 ^( n)+1 = A„e fc („) + i^( n)+ i for some A„ > 1/2. Now let 
F C N be an infinite subset. Then 

b F = (en+1 - e„) > (1/2) ^ e fc(n) + l,fc(n) + l- (c 10) 

neF neF 

It follows that bp is a full positive element in M(B). Suppose that {F n } is a sequence of infinite subsets of 
N. Then, byES ^({E^ e fc(j)+1>fe(i)+1 )} is full in l°°(M(B)/B). So {^(& F „)} is full in l°°(M(B)/B). 
By (|e 8|l . ir(bp) commutes with 7r(d) for each d £ D. Also by (|e 81) . if |n — to| > 2, 

(e n+ i - e„)(e m+ i - e m ) = 0. (e 11) 

It follows that &f^f' = 0, if \n — m\ > 2 for any n £ F and any to s F'. Note that one may write 
bp = YlneS(F) ^n e n,ni where each < A„ < 1 is a positive number and S(F) is an infinite subset of N. 

It is easy to find a family of (disjoint) infinite subsets {Fij : i,j = 1, 2, ...} of N such that \n — m\ > 2 
for any n £ S^j and any to £ SV,j', if i ^= i', or j ^ j' , Define Sij = S(Fij) as above. We note that 
S itj n Si> tj > = 0, if i ^ i' or j ^ f. Write b itj for b Fi<r It follows that M(B)/B has property (P3). □ 

4 Non-stable cases 

In ^], Kirchberg and R0rdam extended the notion of purely infinite C*-algebras to non-simple C*-algebras. 
Let G\ be a unital C*-algebra and C2 be a unital separable purely infinite simple C*-algebra. Then C\ ® C2 
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is purely infinite (4.5 in 5*3)- Therefore, for any unital C*-algebra C, B — C <g> Ooo, has property (PI) and 
(P2) as well as (P3). 

Proof of Proposition I2T51 

Proof. By 4.5 in [T§|, B is purely infinite. It follows B has (PI) and (P2). Let A be separable C*-subalgebra 
of B. There is a separable C*-subalgebra Co C C such that A C Co®Ci. It follows from [2]] that Ci<g>0oc = 
Ci and it follows from 7.2.6 of 0Oj and 3.12 of (20j that there is a sequence of unital monomorphisms 
<f>n : Ooo ~>Cq®Ci such that 

lim \\4> n (x)a — acf) n (x)\\ =0 for all aeCo<8>Ci. (e 12) 

n — >oo 

Let {efe} be a sequence of nonzero mutually orthogonal projections in O^. Define afi) = n (ej), n, i = 1, 2, .... 
One checks that al*' satisfies the requirements in 12.41 □ 

There are cr-unital but non-stable separable C*-algebras B for which the corona C*-algebra M(B)/B has 
property (PI), (P2) as well as (P3). For example, when B has continuous scale (see |5J and [31]) M(B)/B 
is a purely infinite simple C*-algebra (see [HJ). So in those cases M(B)/B has property (PI), (P2) as well 
as (P3). There are other non-stable separable C*-algebras B for which B has property (PI), (P2) and (P3). 

To make a point, we will present a very simple example of non-stable cr-unital C*-algebra B for which 
M(B)/B is not simple but both M{B) and M(B)/B have property (PI), (P2) and M{B)/B has (P3). 

It is clear that many such examples can be constructed. 

Proposition 14. 31 is not needed in Example 14 . 41 but will be used again later. 

Lemma 4.1. Let A be a unital C* -algebra and < a < 1 be an element in A. Suppose that there is x € A 
such that x*ax = 1. Then there is N > depends on \\x\\ (not on A or a) for which there is y € A with 
\\y\\ < 1 such that 

V*fN{a)y = 1. 

In particular, /jv(a) * s f u ^ (where fpf is as defined in J e 1\) ). 

Proof. Let q = a 1 ^ 2 xx*a 1 ^ 2 . Then q is a projection. There exists k > depends on ||x|| such that 

||/ fe (^/2_ t i/2|| for all te [0,1], 

lb\\x\\ z 

where is as defined in l|e Then 

\\f k (a)q - q\\ = \\(fN(a)a^ 2 - a^ 2 )x* xa^W < 1/16. 
It follows from A8 in ^2] that there is a projection p £ fk{a)Afk{a) such that 

h-p\\ < i/2. 

Thus there exists w G A such that w*w = 1 and to' = p. Choose N = k + 1. Then fM{a)q = q. Thus 

w*f N (a)w = 1. 

□ 
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Lemma 4.2. Let A be unital C* -algebra and < a < 1 be a full element in A. Suppose that there are 
x\ , X2 , ■ ■ ■ , x m € A such that 

TCI 

x*axi = 1. 

i=l 

Let r = ||^i|| 2 - Suppose also that lM m (A) ^ 1- 27ien i/iere exists an integer N > depends on r (but 

not A nor on a) such that /jy (a) zs /«/Z. Moreover, there are yi, y?, y m € ^4 swc/i that Y^iLi WlJiW 2 — 1 an d 



^2y*fN(a)yi = 1. 



Proof. Let 



/a;i x 2 




\0 



and 6 



/a 
a 



0/ 







\0 ••• a. J 



Since 1m to (A) ^ L one obtain Y G M m (^4) with ||Y|| = 1 such that Y*diag(l,0, ...,0)Y = 1m, 71 (A)- Note we 
have < b < 1 and = diag(l, 0, 0). Thus 



Y*XbX*Y = 1 



M m (A) ■ 



We compute that ||X*Y|| < r 1 ' 2 . It follows fr om the above lemma that there is N > /at (b) for which there 
is z € M m (^4) with ||z|| < 1 such that 

z*Jn(o)z = lM m (A)- 

So Y z* fN{b)zY* = 1. An easy computation shows that there are j/i, j/2j yn £ A such that X)2=i llj/ill 2 — 1 
and 

m 

^2y*fN{a)y t = 1. 

i=l 

□ 

Proposition 4.3. Let {^4n} &e a sequence of unital C* -algebras which has property (PI). Then l°°({A n }) 
also has property (PI). 

Proof. Let a — {a n } be a full element in l°°({A n }) such that < a < 1. Bv l4.2l there exists TV > such that 
/jv(a) is full. For each n, there exists x„ S A„ such that x* fN(a n )x n = L Note that f n +i{a n ) f n {a) = /jv( a )- 
It follows from 13.1 31 that, for each ra, there is j/„ S A with ||y n || < 1 such that 

VnfN+i{a)yn = 1- 

Put y = {y,i}. Then y g l°°({A n }). It is clear that there is g € Cq((0, 1])+ such that 

||fl(a)aff(a)-/»r+i(a)|| < 1/4. 

Then 

\\y*g(a)ag(a)y - 1|| = ||y*(. 9 (a)a<?(a) - /jv(a))y|| < 1/4. 
It follows that there is z & l°° ({A n }) with ||z|| < 4/3 such that 

z*y*g(a)ag(a)yz = 1. 



□ 
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The above proposition is not required in the following example. However it will be used in 16. 51 

Example 4.4. Let A be a unital separable amenable purely infinite simple C*-algebras. Denote by B = 
co (A). Then M{B) = 1°°{A). Put qoo {A) = l°°(A)/co(A). So M{B)/B = qoc {A). 

(1) M{B) and M(B)/B has property (PI) and (P2). 

(2) M(B)/B has property (P3). 

It is clear that (1) is obvious (it also follows from 14. 3|) . In fact, if C — Co((0,l),A), then M(C) and 
M(C)/C also have property (PI) and (P2). This could be proved rather easily. 

To see (2), let D be aseparable C*-subalgebra of M(B). Suppose that x^ = {xiP}, x^ = {x^}, ...,x^ = 
is a dense sequence of the unit ball of D. Using the fact that A <g) = A (see Theorem 3.15 of 
20 ), we obtain a sequence of homomorphisms </>„ : —* A such that 

lim ||0„(6)a — a^>„(6)|| = 

for all a £ A and b € Coo- Let ei e Coo be a proper projection. There is an integer n(l) > such that 

WKwieM^ - x^Unwie^W < 1/2. 

There is a projection € Ooo such that e\e2 = &2&\ = and 1 > e\ + e%. There is n(2) > such that 

\\<Pn(2){e 1 )x i j l) - x^ <j) n{2 ){ej)\\ < 1/4, i,j,l = 1,2. 

Continuing in this fashion, we obtain a sequence of mutually orthogonal nonzero projections {e m } C 
and a subsequence {n(m)} such that 

Hni^ie^x^ - x^^ra^e^W < l/2 m , i, j, I = 1, 2, m. 

Put pCfl = {<t> n{m) ( ej )} e l°°(A), j = 1, 2, Then p$p<£! = if i ^ j. Moreover, 

||7r(pW)7r({afW}) - n({x il) })Tr(p (j) )\\ = 0. 

This implies that 

7r(p w )7r(d) = Tr(d)ir(p u) ). 

Put aiP = p^\ j = 1,2, .... This shows that M(B)/B has property (P3). 

It is clear, in fact, that l°° ({A n }) / Cq({A u }) has property (P3 if each A n is a unital purely infinite simple 
C*-algebra. 

5 Amenable contractive completely positive linear maps 

Lemma 5.1. (cf. 2.3 of pQ, see also 5.3.2 of [23) Let A be a separable C* -algebra and ip : A — > C be a pure 
state. Denote also by ip the extension of tp on A and put L — {a £ A : tp(a*a) = 0}. Then, for any e > 
and any finite subset T C A, there is Zi £ A+ with = 1 such that Zi £ L, 

Zi+iZi = Zi, i = 1,2, and \\zi(<f>(a) — a)zi\\ < s/2, i = 1,2,3, (el3) 

for all a € J 7 . Moreover, if {e„} is an approximate identity for A, then, for some large N, 

||e„z i e„(0(a) - a)e„z i e„|| < e and e n Zje n g L (e 14) 

for all a £ T and all n > N. 
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Proof. To simplify notation, we may assume that T is a subset of the unit ball of A. Let 

N = {aeA: <j)(a) = 0}. 

Note that L is a closed left ideal. Let C be the hereditary C*-subalgebra given by L n L*. As in the proof of 
5.3.2 in |27], we have Z\, Zi, Zs, € A with ||zj|| =1 (i = 1, 2, 3) such that ^ i, Zi+%yi = Zi, i = 1, 2, 3, and 

||z;(^(a) -a)z;|| <e/2, i = 1,2,3. 

Let {e„} be an approximate identity for A such that e„e„+i = e n for all n. Note z, has the form A^ls + 
where and A, G C, i = 1, 2. Choose large n so that 

||e fc a - aejfc|| < e/4, ||efcO - a\\ < e/4 and || e fc ^-i - ^e fc || < e/4 

for all a e JF U {z\az\, Z2CIZ2, Z3ZZ3 : a G J 7 } and for all k > n. Let = e n Zje„. Then, for n > N, 

\\yi(ip{a) - a)y l \\ < e/4 + ||e^j(^(a) - a)z»e£|| < e for all a£f. 

□ 

The following is a folklore. 

Lemma 5.2. Let A be a C* -subalgebra of B and a £ A+. Denote by C the hereditary C* -subalgebra of B 
generated by a. Then, for any approximate identity {e n } of A, 

\\e n b — b\\ — > and \\be n — b\\ — > 0, as n — > 00 

for all b G C. 

Proof. There exists a sequence of positive function /„ G Co(sp(a)) with < /„ < 1 such that {/n(a)} forms 
an approximate identity for C. Fix an element b G C. For any e > 0, there is such that 

\\f k (a)b - b\\ < e/4 and ||6/ fc (o) - 6|| < e/4. (el5) 
Choose integer N > such that 

KA(a) - / fc (o)|| < 4( || 6 || + 1) fOT a11 n > N - ( e 16 ) 

It follows that 

IM-6II < IM-en/fc(o)6|| + ||e n / fc (a)6-/ fc (o)6|| + ||/ fc (o)6-6|| (el7) 

< e/4+||6||( i --^ T - )+e/4 = 3e/4<e (el8) 

□ 

Lemma 5.3. Let B be a unital C* -algebra that has the property (PI). Let A be a separable C* -algebra and 
L be an ideal of A. Suppose that j : A — ► B is an embedding such that j{a) is a full element of B for all 
a $jL L . Then, for any pure state <f> : A — ► CI b C B which vanishes on L, any finite subset T C A, and any 
e > 0, there is a partial isometry V G B such that 

||0(a) - V*j(a)V\\ < e for aef, V*V = 1 B and VV* G Her(j(A)). 
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Proof. To simplify notation, we identify A with j(A). Fix < e < 1/2. Bv l5.ll there are zi, Z2, 23 E with 

||zi|| = 1 and Zi ^ L, Zi-\-\Zi = Zi, % = 1,2 such that 

||0(a)^ 2 - Zij(a)zi\\ < e/4 for a E T (i = 1,2) (e 19) 

for all a E T . Note L = {a E A : ip(a*a) = 0}. Therefore I C L P\ L* C L. Let {e„} be an approximate 
identity for A such that e„e„+i = e„, n = 1, 2.... Let iV be the integer as described in 13. 121 so that 

\\cj)(a)(e n Zie n ) 2 - e n z i e„j(a)e„^e„|| < e/2, i = l,2,3. (e20) 

Put ?/i = ejv^iejv- We may assume that y\ ^ L. By the assumption, y\ is full. Because B has property (PI), 
there exists x E B such that x*y\x = 1b- Put = y\x. Then v\v\ = 1b and v\v\ = p\ is a projection. Note 
that j»i € Her(yi). There is a projection in q\ E Her(z^ 2 e^zl^ 2 ) such that qi is equivalent to p\. Therefore 
there is a partial isometry w\ E B such that w\qiWi = 1b and wiwl — q\. Since z\z\ — z\, z\q\ = g^. By 
applying 15. 21 one can choose a large integer k > N so that, for all n > k, 

\\e n q% - gi|| < e/32 and ||e n z; - z t e n \\ < e/32, i = 1,2,3. (e21) 

Thus 

\\(ekZ2ek) 2 qi - qi\\ = \\&kZ 2 e\z 2 e k q 1 - qi\\ < 8e/32 = e/4. (e22) 
Put 2/2 = e k z 2 ek- Then one estimates 

11^12/1^1 - !|l = Wwlqiy^qiwi - wlqiWx\\ < e/2. (e23) 
Thus there is s E Her(z^ 2 ejqz\^ 2 )+ C -B+ such that ||s| < 1 J £ ^ 2 and 

s 1/2 wlylw lS 1/2 = 1. (e24) 

Note that 



Define V = y 2 W\S X l 2 . Note that 

= 1 B and FV" G Her(j(A)). (e26) 

Put J/3 = efc+i^efc+i. Then, by (|c21|). 

II - 2/2II = ||efe + i(z 3 efe2;2 - Z2)efc|| < e/32. (e27) 
Furthermore, by (|e25|) and I|e27[) . 

Ily3^-V^|| = \\y 3 y2W lS 1/2 - y 2 w lS ^ 2 \\ < (e/32)(^) = V3e/48. (e28) 
We estimate, by applying (|e 28jl . (|e 26(1 and (je 2()jl 

||0(o) - V*aV|| = \\(f>(a)V*V -V*aV\\ 

< 3V3e/48 + \\<t>(a)V*y 2 V - V*y 2 ay 2 V\\ 

< 3V3s/48+U(a)y 2 -y 2 ay 2 \\ 

< 3\/3e/48 + e/2 < e (e29) 
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for all aef. 

□ 

Remark 5.4. If A has a unit, then the proof of Lemma 15.31 is almost identical to that of 5.3.2 of |2*7] 
which has its origin in p^. When A has no unit, elements Zi,Z2,za are not in A+ but in A+. By using an 
approximate identity {e„}, one does have || 2/32/2 — U2W small. However the norm x could be large and depends 
on the choice of Zj as well as N as in the above proof. By introducing of q\ , we are able to control the norm 
of wis 1 / 2 . 

Lemma 5.5. Let B be a unital C* -algebra which has the property {PI) and A be a separable C* -algebra. 
Suppose that there exists a sequence of homomorphism <f> n : A — > B such that {cp n (a) : n = 1,2,...} is a 
mutually orthogonal set in B for all a G A. Let I be an ideal of A such that ker</>„ C I and 4> n {o) is a full 
element in B for all a $ I for all n. Then, for any state ip : A/L — » Ob C B, any finite subset T C A, and 
any e > 0, there is a partial isometry V £ B and an integer n such that 

n n 

\\iion(a)-V*(%2<t> k (a))V\\ <e for a€ V*V = 1B and VV* € Her(^ (f>i( A ))> ( e30 ) 

fc=l i=l 

where ~n : A — > A/ ' L is the quotient map. Moreover, if ip is only assume to be a nonzero positive linear 
functional with \\ip\\ < 1, then the above still holds where V is merely a contraction. 

Proof. By the Krein-Milman theorem, we have positive numbers ct\,ct2, a m with 5^1= 1 a i = 1 an d pure 
states , ip2 , ■ ■ • , ipm oi A/ 1 such that 

m 

||-0 - ^^^(a^ < e/2 for aG T. (e31) 

2=1 

Let 7r„ : A — ► Afker<p n and 7„ : A/ker0„ — > A// be the quotient maps, n = 1, 2, .... Note that ^ o 7„ is a 
pure state of A/ker</>„. 

By 15.51 there are Vi G B such that 

V*Vi = 1 B , V t V* G Her(<pi(A)) and ||^ o 7*^(0)) - VT&WII < e (e32) 

for all a G T. One should note that 

V>i 7i = V'i 7T- 

Set F = E™iV^^ e B - We see that V * V = EZi^b = 1b and VV* = EZi a i v * v * € 
Her(YliLi 4>i{A)). Moreover 

tci m 

||^o7r(o)-V(£^(o)V|| - ||V o 7r(a) - ^ ai^^(o)y, || 

m m 

< ||^ ott(o)- £04^(0)11 +53a i ||Vi0 7r(o)-'^*^i(o)V r i|| 

i=l i=l 

< e/2 + e/2 = e a G J 7 . (e33) 

To see the last statement of the lemma holds, we note that there is < A < 1 such that ip(a) — A ■ g(a) 
for some state g and for all a G A. □ 
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Lemma 5.6. Let A be a separable C* -algebra and B be a unital C* -algebra which has the property (PI) 
and (P2). Let C be as described in \2.<H with n = k (see Vd.lty) . Suppose that 4> n : A — > B is a sequence of 
homomorphisms such that {<f> n (a) : n = 1, 2, ...} is a set of mutually orthogonal elements in B. Suppose that 
I is an ideal of A such that I D ker</>„ and <j) n {a) is a full element for all a (I I. Let %p : A/ 1 — > Mfe(C) C 
Affe(C) C B be a contractive completely positive linear map Then for any finite subset J- C A and e > 0, 
there exists a contraction V G B and an integer m > such that 

m K 
\\tp(a) - V*{J2M a W\\ < £ for a e T and VV* G Her fa (A)), (e34) 

i=l i=l 

where 7r : A — > Aj 'I is the quotient map. 

Proof. Write V'( a ) = Ej=i V'y ( a ) ® s ij f° r a G A, where {sy} is a system of matrix units for M n and 
ipij : A — > C is linear. Note we also assume that Sj, are as in l2.2l and l3.10l i = 1,2, Define $ : Mfe(A) — > 
C C C by $((aij)fe X fe) = ,=1 V'ii ( a ij)> where ay G A. Let Z be as in 12.21 so that ZZ* = sn. Put 
J n (a) = Z k (f> n (a)Z* for all a G A. So J n maps A into C (= suBs u ). Note that ® id : M k (A) -> M fe (C) 
is also full. Set £ = {(ay) : ay G J^U {0}}. Thus, by applying 1531 there is W G M k (B) with ||W|| < 1 such 
that 

m 

|| $(&) - W*{J2 J fc ® id ( & ))^ll < £ / 2 " 2 fo r & e a. (e35) 
fe=i 

Note that we may also assume that W*W < diag(lc,0, ...,0). Choose a positive element < d < 1 in A 
such that 

||do-o|| < e/2n 2 for all nef. (e36) 

Let «i = (0, 0, d, 0, 0) and v[ be the n x n matrix with the first row as Vi and rest row are zero. Put 
r i = E'I!Li Jn <8 id(w-). Note that, for any nei, 



J n {a) <8)id(a<g) sn))rj - J„ ®id(a® sy)|| <e/2n 2 . (e37) 

n— 1 n— 1 

Therefore 

||^ij(a)-W*r < *(£j fc ®id(o®«ii))r i W|| < e/n 2 (e38) 
/c=i 

for all a E Put V' = (v[W,v' 2 W, ...,v' n W). Note we view V' is an n x n matrix with i-th column as a 
nonzero column of v[W, i = 1,2, n. Then 

m 

\\ip(a)-V'*^ J fc ® id(o (8 en)V"|| < e for a G T, (e39) 
Define V = Z*V, we have 

|| - ^* Ma)V\\ < e for a G J 7 . (e40) 

71=1 

We also note that FV" G ffer(X)™ =1 <£n(^)). 

□ 
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Lemma 5.7. Let A be a separable C* -algebra and B be a unital C* -algebra which has the property (PI) 
and property (P2). Suppose that <p n : A —* B is a sequence of homomorphisms such that the embedding 
j n : 4> n {A) — > B is full where {<p n (a) : n = 1,2, ...} is a set of mutually orthogonal elements in B. Suppose 
that ip : A — > B is amenable such that kevtp 3 ker</>„, n — 1,2, .... Then, for any finite subset J- d A and 
e > 0, i/iere exists a contraction V *E B and an integer K > smc/i i/iat 

K K 

\\ip(a)-V*(£2(f>i{a))V\\ <e for aef and VV* S Her(^0j(A)). (e41) 

i=l i=l 

Proof. Fix a finite subset and e > 0. Since ^ is amenable, to simplify notation, without loss of generality, 
we may assume that ip = ao/3, where (3 : A — > M„ = M„(C • lc) and a : M n — > £? are contractive completely 
positive linear maps (it should be noted though that n depends on T as well as e). Write M n (C) C B as 
in 12.21 (see also 13.1 (it . Put Q — j3{T). It is convenient to assume that J- lies in the unit ball of A so Q lies 
the unit ball of M„(C ■ lc)- Note that a : M n — > M n (C) C -B is full. There exists an integer m > and a 
contraction Z S M m (B) such that 

m 

||ot(6) - Z*diag(b,b,...,b) Z|| < e/4 for (e42) 
It follows from 15.61 that there is N(l) > 1 and a contraction W\ £ B such that 

JV(1) 

\\f3(a) - W* M a Wi\\ < e/Am for a e T (e43) 
as well as integers N(k + 1) > iV(fc) and a contractions € B such that 

JV(fc+l) 

||/3(a) - W fe * +1 ^ ^i(a)W fc+ i|| < e/4m for a e .F, fc = 1, 2, . (e44) 

i=jV(/fe)+l 

Note we have 



\\a o /3(a) - Z*diag (/3(a), /3(a),..., /3(a)) Z\\ <e/2 for «ef. (e45) 

It follows that 

m(l) jV(m) 

||V»(o)-Z*(diag(WT ^^(a)Wi,--- ,W m £ &(a))W TO ))Z|| < e/2 

i=l z=iV(m-l)+l 

for all a € T. There exists dj € ifer(0i(^4)) + with < d. L < 1 such that 

\\di4>i(a) — <t>i(a)\\ < e/2m and \\di<j>i(a)di — <j>i(a)\\ < e/2m (e46) 

for all a E T . Note that didj = if i ^ j, i,j = 1, 2, m. Now let V be the n x n matrix so that the first 
row is (di, d%, d m ) and the rest are zero. Put W — diag(Wi, W 2 , W m ) and V = YWZ. Then 

m(l) AT(m) JV(m) 

||diag(WT ]T &(o)Wi,- • • , W m ^'W^) ~ H ^fcW^II < e/2 

i=l i=W(m-l)+l fc=l 
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for a € T. Moreover 

N(m) N(m) 

||V>(a) - V* Ma)V\\ <eforo£f and VV* G ffer( ^ (e47) 

k=l k=l 

□ 

6 Commutants in the ultrapower of corona algebras 

Definition 6.1. Recall that a family to of subsets of N is an ultrafilter if 

(i) Xi, ...,X n G uj implies nf =1 Xi G w, 

(ii) £ w, 

(iii) iflew and X C Y, then Y G uj and 

(iv) if X C N then either X or N \ X is in w. 

An ultrafilter is said to be free, if DxeujX = 0. The set of free ultrafilters is identified with elements in 
/3N \ N, where /3N is the Stone-Cech compactification of N. 

A sequence {x n } (in a normed space ) is said to converge to xq along ui, written lim w x n — xq, if for any 
e > there exists X S such that — x || < £ for all n G X. 

Let {-B„} be a sequence of C*-algebras. Fix an ultrafilter ui. The ideal of ({£?„}) which consists of 
those sequences {a,,} in l°°({B n }) such that lim w ||a n || = is denoted by c u ({B n }). Define 

q^({A n }) = l°°({B n })/c w ({B n }). 

If f?„ = B,n— 1, 2, we use c w (S) for c^({B„}) and q u (A) for g w ({A„}), respectively. 

Lemma 6.2. Let A be a C* -algebra, I be an ideal of A and let a G A \ {0} such that < a < 1. Suppose 
that a ^ I. Then there is b G C*(a) w«i/i < & < 1 and = 1 swc/i t/ia£ if c £ C*(b) \ J, then c (I I, where 

J = {/(&) : / G C (sp(b) \ {0}), /(I) = 0}. 

Proof. Let 7r : A — > A// be the quotient map. Then 7r(a) ^ 0. Suppose that £ G sp(a) \ {0}. Let / G 
Co(sp(a)\{0}) such that /(£) = 1 and < /(*) < I for all other f G sp(a). Set b = /(a). Then, n(b) ^ 0. and 
||7r(6)|| = 1. If c £ J, c = .a(a) for some g G C (sp(a) \ {0}) such that 7^ 0. It follows that n(g(a)) =/= 0. 
Therefore eg"/. □ 

Lemma 6.3. Let B be a unital C* -algebra and a G B be an element with < a < 1. Suppose that there is 
x G B such that x*ax = 1. Then there exists an element b G C*(a) smc/i that c is full for all c G C*(b) \ J, 
where 

J = {f(b):feC o (sp(b)\{0}), /(1) = 0}. 

Proof. Put u = a 1 / 2 ^. Then v*v = 1 and w* = q for some projection q & B. Note that g G Her(a 1 / 2 xx*a 1 / 2 ) C 
Her(a). For any < e/ < 1/4, there is TV > such that 

||/n(a)p-p|| < e/2 for all n > N. 

(f n be as in (|e If) .) It follows that 

\\fn(a)pfn(a) -p\\ < e 
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for all n > N. If follows that there is a projection q £ Her(fN(a)) and partial isometry w £ B such that 
w*qw = 1 and ww* = q. Thus /jv+i(a)g = g. Put 6 = /jv+i(a). Thus, for any function g e Co((0, 1]), if 
<7(1) 7^ 0, then g(b)q = q. It follows that w*g(b)w = 1. Thus 3(6) is full. The lemma follows. □ 

Lemma 6.4. Lei A be a unital separable C* -subalgebra of a unital C* -algebra B which has property (PI) 
and (P3). Suppose that every nonzero element in A is full in B. Then there exists a sequence of sequences 
of positive elements {a$}, i = 1,2, ... with < a < 1 satisfying the following: 

(1) lim„^oo \\a[^a — aa$\\ = for all a £ A and i = 1,2, 

(2) linin^oo ||o^a^|| =0 ifi^j and 

(3) n({al i) })no J(a) is full in q LU (A) for any free ultrafilter u> £ f3N \ N, where J : B — ► l°°(B) is defined 
by J{b) — (6, 6, 6, ...) /or b £ B and II : 1°°{B) q u (B) is the quotient map. 

Proof. For each nonzero clement < a < 1 in A, define 

r(a) — inf{||a;|| : x*ax = 1}. 

Let 61, 62, b n , ... be a dense sequence of the unit ball of A. We may assume that {b n } contains a subsequence 
of positive elements which is dense in the positive part of the unit ball. For each < bk < 1 in the sequence, 
from the assumption, there is Xk £ B such that x^bkXk = 1 and ||xfc|| < (4/3)r(6fe). Let D be the separable 
C*-subalgebra generated by A and {x^}. 

We claim that, for each nonzero a £ A with < a < 1 there is x £ D such that x*ax — 1. There is z £ B 
such that z*az = 1 and \\z\\ < (4/3)r(a). There is bk with < bk < 1 for which 

||a-MI <l/8((4/3)r(a) + l) 2 . 

Then 

\\z*b k z- 1|| < ||z*(6 fe -a)z|| < 1/8. 
We obtain y £ D with ||y|| < 8/7 such that 

y*z*b k zy = 1. 

It follows that r(6fc) < (8/7)r(o). Hence there is x fe g L> with ||a; fe || < (4/3)(8/7)r(a) such that x* k b k x k = 1. 
It follows that 

||4az fe - 1|| < - 6 fc )x fe || < (l/8((4/3)r(a) + l) 2 )[(4/3)(8/7)r(a)] 2 < 8/49 < 1. 

Thus there is d £ D such that 

d*x k axkd = 1. 

This proves the claim. 

Now since B has property (P3) and D is separable, there exists a sequence of sequences of nonzero 
elements {a^} in B with < a$ < 1 such that 

(i) linin^oo \\a$d — da$\\ = for all d £ D; 

(ii) lim^oo lla^al^H = if i ^ j and 

(iii) for each i, {atf} is full in l°°(A). 
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Thus (1) and (2) follow. To see (3), let a £ A. From the claim, there is d £ D such that 

d*ad= 1. 

Put aj = {a„ }. Then, bv !4.3l there is z £ l°°(A) such that z*aiZ = 1. Note (i) implies that 

n( fll )n o j(b) = n o j(6)n( ai ) for all 6 e d. 

Put 5 = n o J(d)U(z). Then 

,g*n( ai )n o J(a)g = U(z*)U o J(d*)n( ai )n o J(a)U o J(d)n(z) 

= n(z*)n( ai )n o j(d*)n o j( a )n o j(d)n(z) = 7r(z*)n( ai )n(z) = 1. 

□ 

Lemma 6.5. Let A be a unital separable amenable C* -algebra, B be a unital C* -algebra which has property 
(PI ), (P2) and (PS). Let uj £ j3N \N be a free ultrafilter. Suppose that t : A — > B is a full unital embedding. 
Let ^ ■ A — ► l°°(B) be defined by Too{a) = (T(a),T(a), ...) and let ip = II o Too, where II : l°°(B) — > q u (B). 
Then there is a unital C* -subalgebra C = Ooc in the commutant of ip(A) in q u] {B). 

Proof. Let {a^}} be the sequence of sequences of elements given by 16.41 Put <Zj = {a[* i = 1,2, .... Let D 
be as in the proof !6.4l 

Applying 16.31 (and also using D as in the proof of I6.4[l . we may assume that each has the property 
that sp{aA C [0, 1] and f(IL(ai)) is full for all < / < 1 in C o ((0, 1]) for which /(l) ^ 0. 

Let X = (0, 1] and fix i. Define tf/^L' : C Q {X)® A -> by $(/®a) = /(n(a i ))V'(a) and L'(f®a) = 

f(l)tp(a) for a£i, respectively. By (3) in 16. 41 <^ is full. Let {.F,-} be an increasing sequence of finite subsets 
of A for which U^L-^ is dense in A and {g„} be a dense sequence of Cq((0, 1]). 

Let {di(k)}kLi be a subsequence of {ai}. It follows from 15.71 that there exists s n £ B such that 

m(n) 

K(E &K(fe)M a )>« - ftWWII < 1/2" for aef„ and j = 1,2, ...,n (e48) 
fe=l 

Moreover, s„s* g Her(5^^"^(aj(fc))^(A)). Suppose that s„ = II((s ni i, s n ^, •••)), n = 1,2, .... We may assume 
that 

m(n) 

K,*(n)(E 3i(aSV(«))*n, feW -fli(lMo)|| < 1/2", n = 1,2,.... 
k=i 

Now put t„ = s nMn) , t' = (h,t 2 , ...) and t = IL(t'). Define $ : C (X) <g> A -> Z°°(.B) by 

m(n) 

*(/ ® «) = { E /(°k(J) M«)> fOT al1 / e C (X) and a e A 
fe=l 

It follows that 

t*II o $(/ ® a)f = /(l)V'(a) for all / e C (X) and neA 
Put 6({i(Jfe)}) = U({a^\}). Note that < b({i(k)}) < 1. We have (with z(t) = i for all f G (0, 1]) 

t*b({i(k)})t = l (l) = l 



22 



Put w({i(k)}) = b({i(k)})V 2 t and q = 6({i(fc)}) 1 / 2 tt*6({(i(fc)}) 1 / 2 . Since 6({i(k)}) € </>(A)' and i(l) = 1, we 
have 



r6({i(fc)}) 1 /V(a)6({i(fc)}) 1/2 i = t*b({i(k)})ip{a)t = i(l)ip(a) = ip(a) for all a £ A. (e49) 

It follows from 6.36 in 40 that w({i(k)}) = 6({i(fc)}) 1/2 £ e ip(A)'. It clear that if {i(k)} and arc 
two disjoint infinite subsets of N, then corresponding projections q and q' are orthogonal. This implies that 
one has a sequence of isometries Vk € ^(A)' snch that u^u fc = l q ^(B) an d 1 > Ylk=i v k v h n — 1' 2, .... Thus 
i/)(A)' admits a unital embedding of O^, □ 



7 Full extensions 

Definition 7.1. Let Ext(yl, B) be the usual set of stable unitary equivalence classes of extensions of the 
form l)e 2[) . When A is amenable, it is known (Arveson/Choi-Effros) that Ext(A, B) is a group. Moreover, 
it can be identified with KK l (A, B). Let T(A,B) be the set of all stable unitary equivalence classes of 
approximately trivial extensions. It is known that T(A, B) is a subgroup of KK 1 (A, B) (see j2H])- Following 
R0rdam, one defines KL 1 (A,B) = KK 1 {A,B)/T{A,B). 

Let Gi, i = 1,2,3 be three abelian groups. A group extension — > G\ — > G3 — > G2 — > is said to be 
pure if every finitely generated subgroup of G2 lifts. Denote by Pext(G2, G±) the set of all pure extensions 
and E(G 2 , d) = ext z (G 2l G 1 )/Pext{G 2 , Gi). 

If A satisfies the Approximate Universal Coefficient Theorem ( AUCT) -see [2HJ , then one has the following 
short exact sequence: 

— * E(Ki(A), Ki(B)) -> KL 1 (A, B) -» ffom^^AJ.ifj-^B)) -» 0. (e50) 

So KL 1 (A 1 B) is computable in theory. It should be noted every separable amenable G*-algebra which 
satisfies the Universal Coefficient Theorem (UCT) satisfies the AUCT. Rosenberg and Schochet show 
that every separable C* -algebras in the so-called "bootstrap" class satisfies the UCT (therefore the AUCT). 
We also use the notation KL(A, B) = KL 1 (A, SB). 

As mentioned in the introduction, two stably unitarily equivalent extensions are in general not unitarily 
equivalent and trivial extensions are not unitarily equivalent. Furthermore, an essential extension which is 
zero in KK 1 (A, B) may not be trivial (or approximately trivial). We will use KL 1 (A, M(B)/ B) to give a 
classification of full essential extensions up to approximately unitary equivalence. 

Proposition 7.2. Let D be a unital C* -algebra for which there is a unital embedding from O2 to D. Let 
hi,h 2 : 2 — > D be two full homomorphisms. Suppose that /ii(le> 2 ) ~ h 2 (lo 2 )- Then there is a sequence of 
partial isometries v n such that 

v* n v n — h 2 (l 02 ), v n Vn^h 1 (l 02 ) and lim ||'U*/i 1 (a)t>„ - h 2 (a)\\ = (e51) 

n — >oc 

for all a € 2 . 

Proof. This is the combination of Theorem 6.5 and Lemma 7.2 in [3U|. □ 

Lemma 7.3. Let A be a unital separable C* -algebra, B and C be unital C* -algebras such that B ® 2 is a 
unital C* -subalgebra of C and C has property (PI). Suppose that hi, h 2 :A^B® < C-\<zB® 2 are two 
unital full monomorphisms. Then h\ and h 2 are approximately unitarily equivalent in C. 
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Proof. It follows from jSH] that O2 — O2 <8> O2 ■ Let p„ = 1_b <8> 9n ® le> 2 1 where {q„} is a sequence of mutually 
orthogonal non-zero projections in O2. Note that p n ~ lB®e>2<g>e> 2 j n — 1, 2, .... Define 0i(a) = Pihiia) and 
V'i(a) = Pih 2 (a) for all a£ A Also define <&„(a) = (1 — X)"=i Pi)hi{o>) an d v I / n(a) = (1 — Y^i=xPi)^{ a ) f° r 
all a G A. Then, for each n, hi = ^27=1 & ® ^ n an< ^ ^ 2 = 2<Li V** © Note that fa, <fr n , ^ and Vl/n are all 
full. Now we work in B ® 2 ® 1 ■ There are partial isometries z^j € 2 such that 

v*jVij=pj and v it jV* yj = i,j = 1, 2, rc (e52) 

n 

and u* +lj -« n+ ij =pj, «„+ij< + ij = 1 - J = 1 ' 2 ' •••' n - ( e53 ) 

i=l 

Put =10 Vjj 1. Then we also have 

wlifawi,! = fa, i = l,2,...,n and w* +11 f w n+ i,i = $„. (e54) 

Let T\,T%, ■■■,J r ni ■■■ be an increasing sequence of finite subsets of A such that \J^ =1 !F n is dense in A. It 
follows from Lemma 5.4.2 of [27J that, for each n, there are isometries u n , v n G B ® 2 ® 1 such that 

||it*/ii(et)u„ — /12(a) 1 1 < 1/n and ||f^/i2(a)t | n — / l i( a )ll < l/ n f° r a € -^w 

Note that the relative commutant of B ® C 2 1 contains a unital C*-subalgebra I5 eg) 1q 2 C 2 which is 
isomorphic to C 2 . It follows from 1.10 in |20) that h\ and /i 2 are approximately unitarily equivalent. □ 

Lemma 7.4. Let A be a unital separable nuclear C* -algebra, Bi,B 2 be two unital C* -algebra and C be 
another unital C* -algebra. Suppose that j\ : Bi <g> 2 — * C are two full monomorphisms so that ji(l) ~ J2(l) 
and hi : A — > Bi are two full unital monomorphisms. Then there is a sequence of partial isometries v n G C 
such that v^v n = ji (1) , i>n«£ = J2(l) and 

lim ||v*(j2 o h 2 (a))v n — ji o hi(a)\\ = for all a G A (e55) 

n — >oo 

Proof. To simplify notation, we may assume that ji(l) = J2(l)- Therefore we may assume that both j\ and 
32 are unital. Define J, : B <g> C 2 -> Z°°(C) by J; (6) = {ji(b),ji(b), ...) for & G Bi®0 2 and = J l oh i , 
respectively, i = 1,2. Note that these maps are full in Z°°(C). Since there is a unital 2 embedding to l°°(C), 
by EH w e obtain unitaries u n G C such that 

lim ||<J 2 (1 ® b)u n - Ji(l <g) 6)|| = for all b G 2 . (e56) 

n — >oc 

Denote {/ = {it n } in i°°(C). Let w be a free ultrafilter on N and it : l°°(C) — ► q w (C) be the quotient map. 
Let .D be the C*-subalgebra generated by ir o J\{Bx ® C • 1q 2 ) and 7r o ad[7 o J 2 {B 2 ® C ■ lo 2 ). It follows 
that -D', the commutant of £>, contains ^(Ibj ® 2 ) which is isomorphic to 02- Therefore we may write 
.D C D ® O2 • Now ir o Hi and 7r o adVK o _ff 2 are two full unital monomorphisms from A into D C D ® 2 . 
It follows from 1731 that ir o and 7r o &dW o _ff 2 are approximately unitarily equivalent. It follows from 
Lemma 6.2.5 of |4()| that j\ o /ii and 32 ° /12 are approximately unitarily equivalent. □ 

Theorem 7.5. Let A be a unital separable nuclear C* -algebra, B be a unital C* -algebra which has property 
(PI), (P2) and (PS). Let j Q : A — * O2 B be a full embedding of A into B which factors through 02- 
Suppose that r : A — > B is a full monomorphism. Then there is a sequence of partial isometries V„ G M 2 (B) 
such that V*V = 1b © J (1a)j = Is a^rf 

lim || K(r © jo){a)V* - r(a)\\ = for all a € A. 
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Proof. Let J : B — > l°°(B) be defined by J(c) = (c, c, ...) for c £ B. Define r M = Jot and J D = J o j . 
Let w be a free ultrafilter on N and it : l°°(B) — > g^(-B) be the quotient map. It follows from 16.51 that 
7ro Too (A)' contains a unital C*-subalgebra which is isomorphic to 0oo- Denote this C*-subalgebra by 0^. 
Let q £ Ooo be a nonzero projection such that [q] = in Ko(Ooo). There is a C*-subalgebra C of Coo for 
which lc — q and C = 02- Put To (a) = qn o Too (a)- So we may view To is a unital full homomorphism from 
A into t (A) ® 2 . Since 02 — 02 ® 02 (by [121), ^ follows from !7.4l that t © 7ro J G and t are approximately 
unitarily equivalent. Thus tt o Tqo and 7r o Too © 7r o J Q are approximately unitarily equivalent. It follows from 
6.2.5 HO] that t and t © j Q are approximately unitarily equivalent. 

□ 

Proof of Theorem I2T9I 

Proof. Since A is separable, there is a unital embedding j : A — > 02, by 2.8 of j^HI- Since B has property 
(P2), there is a full monomorphism cr : 02 — > £>. Define j = a o j. Note j is full. Let e > and J 7 C A be a 
finite subset. It follows from Theorem 3.9 of j2H] that there is an integer n and a unitary v £ M n +i(B) such 
that 

||w*diag(/ii(a), j(o), j(a), ...J(o))w - diag(/i 2 (a), j(a), J(a), J(a))|| < e/4 (e57) 

for all a £ T . On the other hand, bv 17.21 there is an isometry u £ M n (jr o cr(0 2 )) with mm* = ljvf(c)/C such 
that 

||«*i(o)« - diag(j(o),j(o), ...,i(o))|| < e/4 (e58) 
for a £ J 7 . Thus, we obtain an isometry w £ M2{B) with = 1^ such that 

\\w*<&Skg(hi(a),j(a))w — di&g(h2,j(a))\\<e/2 for all a £ T. (e59) 
By applying 17. 51 we obtain a partial isometry z £ B such that z*h\{lA)z = /i2(1a), zhi(\ a)z* — Hx(1a) and 

||z*/ii(a)z - ^2(0) || < e for all a £ T. (e60) 

□ 

Remark 7.6. If both /ii and hi are unital, it is clear that z can be chosen to be unitary. If one of them is 
unital and the other is not, z can never be unitary. Suppose that both are not unital. Since B has property 
(P1),(P2) and (P3), we obtain full 2 embeddings into h 1 (l A )Bh 1 (l A ) and h 2 (l A )Bh 2 (lA)- Therefore there 
is a projection e < such that is equivalent to — e and e is a full projection. So there 

is a partial isometry v £ B such that v*v = ^1(1^) and vv* — /^(l^) — e. Thus 1 — adu* o is full. 

Similarly, there is a partial isometry w £ B with w*w — ^(Ia) such that 1 — &dw* o /i2(1a) is full. Now 
apply [231 to the case that A = C. we know that 1 — adu* o /ii(l^) and 1 — adw* o /i2(1a) are equivalent. 
This implies that we can choose z to be unitary in the proof of 12.91 

Corollary 7.7. Theorem \2.iA also holds for the case that B = 9oo({C n }), where each C n is a unital purely 
infinite simple C* -algebras. 
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Proof. It is clear that B has property (PI) and (P2). From the proof of 12. 91 above, we only need an absorbing 
lemma 17751 for this B. Let r : A — > B be a full monomorphism and jo : A — > 02 — ► -B be a full embedding 
of A into -B which factors through 02- So we may write jo = ° jj where j : A — > 02 is a monomorphism 
and $ : 02 — > .B is a full homomorphism. Let L : A — > /^({Cn} be a contractive completely positive linear 
map for which t: o L — t, where 7r : l°°({C n }) — > <Zoo({0n}) is the quotient map. Write L = {L n }, where 
L n : A — > C„ is a contractive completely positive linear map. Let <f> n : 02 — > C such that 7r o {^„} = $. 
Denote by D n the separable unital purely infinite simple C*-algebra containing L n (A) and ip n {02j. Then 
qoo({D n }) C B and r : A -> ?«,({£„}) and j : A -> 2 -> £?oo({Cn})- Thus one applies 7.5 of □ 

Proof of Proposition 

Proof. Let hi : A — > i? <g> K. be a homomorphism. It follows from 4.5 in that there is a sequence 
of asymptotically multiplicative contractive completely positive linear maps {4> n } from A to B (g> /C and a 
sequence of unitaries u n £ B ® 1C such that 

lim || (/i © </> ra )(a) — adu„ o j(a)\\ = for all a £ A. ( e 61) 

n — >oo 

Since B has property (P2), it is easy to see that we may assume that <p n maps A into B and u n are unitaries 
in B. It follows from 6.5 in |TJ|]] that, for each k, there exists a sequence of unitaries v n (k) £ M2(B) such 
that 

lim \\v n (k)*(cj) n {a) © j (a))v n (k) - {<j) n+k (a) © j {a)) \\ = for all a £ A. (e62) 

n — >oo 

It follows from 4.7 of [2H] that there exists a homomorphism fti : A — > M 2 {B) and a sequence of unitaries 
w„ G M 2 (B) such that 

lim ||adiu n o /ii(a) — (</>n(a) © jo(a))|| = for all a 6 A. (e63) 

n — >oo 

By applying the fact that B has property (P2) and applying 17.21 we obtain a sequence of isometries z n £ 
M?,(B) with z„z* = j (lyt) such that 

lim ||(/i©ftiffij )(a)-z*j (a)z n || =0 for all a £ A. (e64) 

71 — > OC 

It follows that |/ii] = -[h] in H(A, B). □ 
Proof of lZTSl 

Proof. The corollary follows immediately from 12.121 and 17.51 □ 



8 Classification of full extensions 

Definition 8.1. Let C n be a commutative C*-algebra with K (C n ) = TLjnL and Ki(C n ) = 0. Suppose that 

A is a C*-algebra. Put Ki(A, Z/fcZ) = Ki(A(g)Ck) (see 01]). One has the following six-term exact sequence 
(see |2I]): 

K (A) -> K (A,Z/kZ) -> iTi(A) 

Tk 4k 

ivT (A) <- Ki(A,Z/kZ) <- 
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In Ki(A, Z/nZ) is identified with iOP(I„, A) for i = 0, 1. As in [T2], we use the notation 

= © l=0 ,i,„ eZ+ A^;Z/nZ). 

By Hom.A (K(A), K(B)) we mean all homomorphisms from K(A) to K_{B) which respect the direct sum 
decomposition and the so-called Bockstein operations (see |12|1. It follows from the definition in ^2] that if 
x G KK(A, B), then the Kasparov product KK*(I n , A) x x gives an element in KK l (I n , B) which we identify 
with Rom(K l (A,Z/nZ),K a (B,1/nZ)). Thus one obtains a map Y : KK(A, B) -> HomA (K_(A) , K_{B)) . It 
is shown by Dadarlat and Loring ([T2]) that if A is in A/" then, for any c-unital C*-algebra B, the map T is 
surjective and kerT = Pext(K*(A), K*(B)). In particular, 

T : KL(A, B) -> HomA (JlX^-) , K_(B)) 

is an isomorphism. It is shown in [2Ej that if A satisfies AUCT, then T is also an isomorphism from KL(A, B) 
onto Eom. A (K(A),K(B)). 

Lemma 8.2. Let B be a unital C* -algebra which admits a full O2 embedding and let Gi be a countable 
subgroup of Ki(B) {i = 0,1). There exists a unital separable C* -algebra Bq C B which has a full O2 
embedding such that K^Bq) D Gi and j*i — idK i (B Q )i where j : Bq — > B is the embedding. 

Proof. Let p%, ...,p n , ... be projections and iti,U2, ■ ■■,u n , •■■ be unitaries in \Jf^ =1 Mk(B) such that {p n } and 
{u n } generates of Go and G\, respectively. There is a countable set S such that 

n X 7 1 

Let j : O2 — > S be a full embedding. Let p = j(lo 2 ) and G B such that ^l^iP 21 ! = 1- 

Let B\ be the unital separable C*-subalgebra generated by S, {x\, x%, a; m } and 7(^2)- Then i?i has a 
full O2 embedding and p ni u n € U^_ 1 Mfc(Bi) for all n. Note that Ki(Bi) is countable. The embedding 
ji : Si — ► B gives homomorphisms (ji)« : Ki(Bi) — > Ki(B). Let i?x,i be the subgroup of K (Bi) generated 
by {p„} and respectively. It is clear that is injective on -Fi,j, z = 0,1. In particular, the image 

of contains Gi, i = 0,1. Let N[ i = ker(ji)» i and let Ni t i be the set of all projections (if i — 0), or 

unitaries (if i = 1) in Uf?L 1 Mf c (Bx) which have images in N' l i . Let {pi, n } be a dense subset of projections 
in U^ 1 Mfe(Si). There are countable pairs of projections {e n ,e' n } in {pi, n } such that [e„] = [e^J in K (B). 
There are ui„ € U^i 1 M fc (_B) such that w*w n = e„ ® l fc („) and mi„io* = e' n lfc( n ). 

Let {it^n} be a dense subset of unitaries in U^° =1 Mfc(i?i). For each u\ yTl , there are unitaries Z\, n ,k G 
U^MjiB), k = 1,2, ...,m(ra) such that 

- 1|| < 1/2, |kl,n,m(n) ~ Ul,n|| < V 2 and ||zi, n ,fc - Zl,„,fc+l|| < 1/2, 

k = 1,2, m(n), n = 1,2, .... Let £?2 be a separable unital C*-algebra containing £?i such that U^^-M^-E^) 
contains all {wx >n } and {^i )TS ,fe}. Note that there is a full embedding of O2 to £?2- Note also that if p, q G 
U^_ 1 Mfe(Si) are projections so that [p] — [<?] G N\fl then [p] — [?] = in Kq(B2). Similarly, if u G B\ and 
[it] G ^Vi,i, then [u] = in i?2- Suppose that Bi has been constructed. Let ji : _B; — > B be the embedding. Let 
A^j = ker(j;)*i, i = 0, 1. As before, we obtain a unital separable C*-algebra Bi + i D Bi such that every pair 
projections p, q G U^L 1 M fc (i3 ; ) with [p] — [q] G A^q has the property that [p] = [q] in if (-B; + i), and every 
unitary u E B[ with [it] G iVj 1 has the property that [it] = in ^(I?;^). Let -Bo be the closure of Uz*li -^J- 
Note Bq admits a full O2 embedding. Note also that Bq is separable. Let j : Bq — ► B be the embedding. 
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We claim that j*i is injective. Suppose that p,q £ Mk(Bo) is a pair of projections for which [p] — [q] e 
ker/*o and [p] — [q] 7^ in Bq. Without loss of generality, we may assume that p ,q € Mk{B{) for some large 
integer I. Then [p] — [q] must be in the ker(j';)*0' By the construction, [p] — [q] = in Kq(Bi + i). This would 
imply that [p] — [q] = in Kq(Bq). Thus j»o is injective. An exactly same argument shows that j*i is also 
injective. The lemma then follows. □ 

Lemma 8.3. Let B be a unital C* -algebra which admits a full O2 embedding. Suppose that Gi C Ki(B) 
and Fi(k) C Ki(B, Z/kZ) are countable subgroups such that the image of Fi{k) in Ki-i(B) is contained in 
Gi_i (i = 0, 1, k = 2, 3, ...). Then there exists a separable unital C* -algebra C C B which admits a full O2 
embedding such that Ki(C) Z> Gi, Ki(C,Z/kZ) D Fi(k) and the embedding j : C — > B induces an injective 
map j*i : Ki(C) — > Ki{B) and an injective map j„ : i-Q(G, Z/fcZ) — > K^B.Z/kZ), k = 2,3, .... 

Proof. It follows from 18. 2l that there is a separable unital C*-algebra C\ which admits a full O2 embedding 
such that K (Ci) D Go and Ki{C\) D G\ and j induces an identity map on K n (Ci) and ifi(Gi), where 
j : Ci — > B is the embedding. Fix k 7 and let {x £ K^Ci) : kx — 0} = {gy\ g^' , ...,}. Suppose that 
{s^\ s^ \ ■■■,} is a subset of X i _ 1 (_B, Z/fcZ) such that the map from i^T i _ 1 (_B, Z/fcZ) to Ki(B) maps s^ 



to gf. For each z« e i^_i(Gi, Z/fcZ) 



there is sj l) such that *W - e K t {B)/kKi{B). Since ^(Gi) 
s^- ' is countable. Thus one obtains a countable subgroup G[ 



is countable, the set of all possible «W — s ^ 
which contains Ki(Ci) for which G' i jkKi{B) contains the above the mentioned countable set as well as 
Fi(fc) n (Ki(B)/kKi(B)) for each fc. Since countably many countable sets is still countable, we obtain a 



(2) (2) 
countable subgroup G\ ' C Ki{B) such that G\ ' 



i = 0,l. Note also Fi(k) n (K t {B)/kK t (B)) c Gf'/kK^B). By applying El we obtain a separable unital 



contains G^ and kK^B) n G s (2) = fcGf\ fe = 1,2, and 



(2) 

G*-algebra G2 D Gi such that KiiC-i) D G\ and an embedding from G2 to B gives an injective map 
on Ki(C2), i — 0,1. Repeating what we have done above, we obtain an increasing sequence of countable 
subgroups G^ C Ki(B) such that G^ n kKi(B) — kG^ for all k and i — 0, 1 and an increasing sequence 
of separable G*-subalgebras G„ such that Ki(C n ) D G^ and embeddings from C n into B giving injective 



maps on Ki(C n 



= 0,1, and n = 1,2,.... Moreover F$ k) n (Ki{B)/kKi(B)) C Ki(C n ) / kKi(B) . Let G 
denote the closure of (J G n and j : C — * B be the embedding. Then G is a separable unital G*-algebra and 
j*i is an injective map, i = 0, 1. Since G D C\ and Gi is unital, G admits a full O2 embedding. We claim 
that Ki(C)nkKi(B) = kK t (C), k = 1,2,..., and i = 0,1. Note that K t (C) = U„G t (,l) . Since G^nkK^B) = 
kG[ n) C kKi(C), we see that K t {C) n fcifi(B) = fc^(G), i = 0,1. Thus Ki{G)/kKi{C) = Ki{C)/kKi{B). 
Since Ki{C)/kKi{B) D F/ fe) n (K t (B)/kK a (B)), we conclude also that K t (C,Z/kZ) contains F t {k). Since 
j»i is injective, j induces an injective map from Ki(C)/kKi(C) into Ki(B)/kKi{B) for all integer fc > 1. 
Using this fact and the fact that j ri : Ki{C) — > Ki{B) is injective, by chasing the following commutative 
diagram 

Ko(C) - K (C,Z/kZ) .- ifi(C) 




K (C) 




K (B) 

t 



K {B,Z/kZ) 

Ki(B,Z/kZ) 
j* 

K^CZ/kZ) 



I 

Ki(B) 





Ki(C) 
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one sees that j induces an injective map from Ki(C,Z/kZ) to Ki(B,Z/kZ). 



□ 



Corollary 8.4. Without assuming that B has a full C 2 embedding, both \8.yi and \H ."A hold if we do not require 
that C (or B ) has a full C 2 embedding. 

Proof of Theorem I2~TTH 

Proof. Bv 12. 81 it suffices to show that, for each x £ KL(A, M(B)/B), there is a full monomorphism h : A — > 
M(B)/B such that [h] = x. Put Q = M(B)/B. Since A satisfies the AUCT, we may view x as an element 
in Kom A (K_(A),K_(Q)). Note that Ki(A) is a countable abelian group (i = 0, 1). Let G^ = j(x)(Ki(A)), 
i = 0,1, where 7 : ~H.om\(K(A),K(Q)) — > Horn (.K* (A), K*(Q)) is the surjective map. Then Gq is a 
countable subgroup of -fQ(Q), i = 0, 1. Consider the following commutative diagram: 




7(z 



ifo(A) 




^o(Q) 

t 

K (Q) 



K (A,Z/kZ) 

XX 

K (Q,Z/kZ) 

Ki(Q,Z/kZ) 

xx 

-Ki(A,Z/kZ) 



Ki(Q) 

I 

Ki(Q) 




■y{x 




It follows from !8.3l that there is a unital C*-algebra C C Q which has a full O2 embedding such that Ki(C) C 
Gq , Ki(C) n kKi(Q) = kKi(C), k = 1,2, and i = 0, 1, and the embedding j : C — > Q induces injective 
maps on JQ(C') as well as on K^C, Z/kZ) for all fe and i = 0, 1. Moreover Ki(C, Z/kZ) D (xx)(K l (A, Z/kZ)) 
for k = 1, 2, ... and z = 0, 1. We have the following commutative diagram: 




t 

K (C) 



K (A,Z/kZ) 

K (C,Z/kZ) 
Ki(C,Z/kZ) 

Ki(A,Z/kZ) 



Ki(C) 

I 




Ki(A) 




Ki(A) 



We will add two more maps on the above diagram. From the fact that the image of Ki(A, Z/kZ) under xx 
is contained in Ki(C, Z/kZ), (k — 2,3,..., i — 0,1), we obtain two maps Pi : Ki(A, Z/kZ) — > Ki(C, Z/kZ), 
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k = 2, 3, i = 0, 1 such that j* o (3i — xx and obtain the following commutative diagram: 





tfo(<3) 

t 



K (A,Z/kZ) 

Pa 

K (C, Z/kZ) 

Ki(C,Z/kZ) 
Pi 

Ki(A,Z/kZ) 



Ki(C) 

I 

Ki{C) 




K (A) - 

Consider the following commutative diagram: 

Ki(A,Z/mnZ) Ki(A,Z/nZ) -> Ki^i(A,Z/mZ 

-> Ki{Q,Z/mnZ) -> Ki(Q,Z/nZ) -> Ki-i(Q,Z/mZ 
Since o /3j = xx and all vertical maps in the following diagram is injective 




-> Ki(C,Z/mnZ) 
i 

-> Ki(Q,Z/mnZ) 
we obtain the following commutative diagram: 



Ki(C,Z/nZ) 
i 

Ki(Q,Z/nZ) 



Ki(A,Z/mnZ) 
i 

Ki(C, Z/mnZ) 



Ki(A,Z/nZ) 
I 

Ki(C,Z/nZ) 



Ki-i(C, Z/mZ 
i 

Ki-i(Q,Z/mZ 



Ki-i(A,Z/mZ 
i 

#;_i(C,Z/mZ 



Thus we obtain an element y <E KL(A, C) such that y x [j] = x. Since A satisfies the AUCT, one checks that 
KL(A, C) = KL(A (g) O 001 C). This also follows from the fact that the unital embedding from A — > A 
gives a ifi-T-equivalence (see US])- It follows from 6.6 and 6.7 in [301 that there exists a homomorphism 
<j) : A Ooc — ► C ® /C such that [</>] = y. Define ?/> = </>U®i ■ By the same result of Pimsner (|M]), one obtains 
that [ip] = y. Since A is unital, we may assume that the image of ip is in M m (C) for some integer m > 1. 
Since C admits a full 02 embedding, C has property (P2). Thus l m is equivalent to a projection in C. Thus 
we may further assume that ip maps A into C. Put h\ = j o ?/>. To obtain a full monomorphism, we note that 
there is an embedding i : A — > O2 (see Theorem 2.8 in [20])- Since M(B)/B has property (P2), we obtain 
a full monomorphism ip : C 2 — > M(B)/B. Let e = ^(le^)- There is a partial isometry w 6 M 2 (M(B)/B) 
such that u>*u> = 1m(s) /b an d aiw* = 1 ffi e. Define h = w* (hi (Btpo i)w. One checks that [/i] = [/ii] = x and 



/i is a full monomorphism. 



□ 



Corollary 8.5. Let A be a unital separable amenable C* -algebra satisfying the AUCT. Let B be a unital 
C* -algebra which has property (P2). Then, for each x £ KL(A, B), there is a full monomorphism h : A — > B 
such that [h] = x. 



Proof. In the proof above, we may replace M(B)/B by B. 



□ 
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Proof of Theorem I2TTH 



Proof. For the first part of the theorem, it suffices to show that every essential full extension is absorbing. 
Let r be a such extension. Following Elliott and Kocerovsky, we will show that r is purely large. Denote 
E = t^ 1 {A). Choose c £ E\C. Then, bv !3.3l c is a full element. Since M(C) has property (PI), there exists 
x £ M(B) such that x*cc*x = 1. Therefore there exists a projection p < cc* for which there is v £ M(B) 
such that v*v — 1 and vv* — p. Note cBc* = cM(B)c* n B. So pBp C cBc* . Now v*pBpv = B. So pBp is 
stable and pBp is full. Thus r is purely large. So it is absorbing. The last part of the theorem follows from 
the next corollary. □ 

Corollary 8.6. Let A be a separable unital amenable C* -algebra, C be a united C* -algebra and B = C ' ®1C. 
Then Ext(A,B) is the same set as unitary equivalence classes of essential full extensions of A by B. 

Proof. It suffices to show that given any element x £ Ext{A, B), there exists an essential full extension 
t : A — > M (B)/B so that [r] = x. There exists a t\ : A — > M(B)/B such that [n] = x. Take a monomorphism 
j : A — > 02 (see HOI)- Let h : O2 — > M(JC) be a monomorphism (given by a faithful representation 
of 02 on a separable Hilbert space). Let cj) : M(JC) — > M(B) be the standard unital embedding and 
7r : M(B) — > M(B)/B be the quotient map. Then t-2 = tt o <f> o h o j gives a full essential trivial extension. It 
follows that r = Ti ® T2 is an essential full extension. Since [t?\ — 0, [t] = [ti] = x. □ 

Remark 8.7. Let B be a non-stable, non-unital but <r-unital C*-algebra. Suppose that M(B)/B has 
property (PI), (P2) and (P3), and suppose that r : A — > M(B)/B is an essential full extension. One should 
not expect that such extension is purely large in general. Let O^B^E^A— > be an essential full 
extension corresponding to r. Recall that the extension is purely large if cBc* contains a C*-subalgcbra which 
is stable and cBc* is full in B (see JS]). Given any element c £ E\B, ir(c) is full in M(B)/B. But, in general, 
c need not be full in M(B), nor doescBc* need to be full in B. Examples are easily seen in the case that 
B = c (C), where C is a unital purely infinite simple C*-algebra. Suppose that — > c (C) — > E — > A — > 
is a full extension and c' £ E \ c (C). Write c' = {c^} S l°°(C). Define c n — c' n if n > N > 1 and c„ = if 
n < N. Put c = {c„}. Then c £ E \ c (C). However, it is clear that cc (C)c* is not full in c (C). Bv l7.5l the 
full extension r is approximately absorbing in the sense of 17. 51 but not purely large. It should be also noted 
that, even if c*Bc is full for all c £ E \ B, the full extension may not be purely large. Let B be a nonstable, 
non-unital but er-unital simple C*-algebra with continuous scale fsee|31) for more examples). Then B may 
be stably finite. No hereditary C*-subalgebra of B contains a stable C*-subalgebra. So none of the essential 
extensions of a unital separable amenable C* -algebra A by B could be possibly purely large in the sense of 
|15j , nevertheless, all of these extensions are approximately absorbing in the sense of 17.51 (and many of them 
are actually absorbing; for example, when A = C(X)). 
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